Abstract. We determine the Chow rings of the complex algebraic groups E 6 and E 7 , giving generators and relations in terms of Schubert classes of the corresponding flag varieties. This is a continuation of the work of R. Marlin on the computation of the Chow rings of SO n , Spin
(G/B). Therefore the computation of A(G) reduces to that of A(G/B).
For example, the characteristic homomorphism c G is known to be surjective for G = SL n , Sp n and hence their Chow rings are reduced to Z. In [10] , R. Marlin computed the Chow rings A(G) for G = SO n , Spin n , G 2 , and F 4 . The remaining simply connected simple groups are E 6 , E 7 , and E 8 .
It is known that the Chow ring A(G/B) of G/B is isomorphic to the integral cohomology ring H * (G/B; Z) of G/B via the cycle map ( [8, §6] ). To describe the cohomology ring H * (G/B; Z), we have two different ways, namely, the Schubert presentation and the Borel presentation. In the Schubert presentation, an additive basis for H * (G/B; Z) is given in terms of Schubert classes corresponding to the Schubert varieties. However, the multiplicative structure among Schubert classes is difficult to compute and hence it seems quite difficult to compute A(G) directly from the Schubert presentation using Grothendieck's remark. In [2] , A. Borel gives another description for H * (G/B; Z) in terms of the ring of invariants of the Weyl group of G, which we call Borel presentation today. This presentation has an advantage that the ring structure of H * (G/B; Z) is relatively easy to see, however the generators have little geometric meaning. There is a relation between those two presentation discovered in [6] and [1] , which is the key to our method. In fact, the second author simplified Marlin's computation making use of the method of this paper( [12] ).
The purpose of this paper is to determine the Chow rings of the complex algebraic groups E l (l = 6, 7) in terms of generators and relations. Furthermore we give those generators in terms of the pullback images of Schubert classes of the corresponding flag varieties.
Here we briefly outline our method. The Borel presentation of the integral cohomology rings of H * (G/B; Z) for G = E l (l = 6, 7) were already computed in [14] and [11] respectively. We rephrase those results in §2 to suit our needs. In §3, we convert those results to the Schubert presentation. In order to express the ring generators of H * (G/B; Z) in terms of Schubert classes, we make use of the divided difference operators introduced independently by Bernstein-Gelfand-Gelfand [1] and Demazure [6] . Thanks to the fact that the characteristic homomorphism is surjective in the rational coefficients, and the integral cohomology of G/B has no torsion, we can carry out the computation. Finally applying Grothendieck's remark, we obtain the following result. (1) The Chow ring of E 6 is given by The method of this paper can also be applied to the computation of A(E 8 ). However, it becomes much more complicated to find a set of ring generators that consists of Schubert classes, as in Propositions 3.2 and 3.3. In the course of the computation, we came across the following problems (cf. [7, §3] ): Problem 1.1.
• Determine which Schubert classes belong to the decomposable ideal H
• Give a minimal set of ring generators for H * (G/B; Z) that consists of Schubert classes.
• Find a presentation of a given Schubert class Z w as a polynomial in a fixed minimal set of ring generators.
Furthermore, we can determine the integral cohomology ring H * (G/P; Z) for any parabolic subgroup P of G in terms of Schubert classes, using the inclusion H * (G/P; Z) ֒→ H * (G/B; Z) (see [1, §5] ).
Borel presentation of cohomology of flag varieties
Let K be a maximal compact subgroup of G and T = K ∩ H a maximal torus of K. Then the inclusion K ֒→ G induces a diffeomorphism G/B K/T . Using a spectral sequence argument, Borel obtained the description of cohomology of K/T in terms of the ring of invariants of the Weyl group of K, which is called the Borel presentation.
We begin with a brief review of the Borel presentation of the integral cohomology rings of flag varieties([2]). The inclusion
where BT (resp. BK) denotes the classifying space of T (resp. K). The induced homomorphism in cohomology, In particular, one can reduce the computation of the rational cohomology ring H * (K/T ; Q) to that of the ring of invariants H * (BT ; Q) W . In order to determine the integral cohomology ring H * (K/T ; Z), we need further considerations. In [13] , Toda established a method to describe the integral cohomology ring H * (K/T ; Z) by a minimal system of generators and relations, from the mod p cohomology rings H * (K; Z/pZ) and the rational cohomology ring H * (K/T ; Q). Along the lines of Toda's method, the integral cohomology rings of flag varieties for G = E l (l = 6, 7) have been concretely determined ( [14] , [11] ).
2.2. In this subsection, we review the result of [14] and [11] . Throughout the rest of the paper, we fix maximal compact subgroups for G = E l (l = 6, 7) and denote them by E l (l = 6, 7) respectively.
According to [5] , we take the simple roots {α i } 1≤i≤l and denote by {ω i } 1≤i≤l the corresponding fundamental weights. Let s i (1 ≤ i ≤ l) denote the reflection corresponding to the simple root α i (1 ≤ i ≤ l) . Then the Weyl group W(E l ) of E l (l = 6, 7) is generated by s i (1 ≤ i ≤ l) . As usual, we regard roots and weights as elements of H 2 (BT ; Z). Following the notation in ( [14] , §4) and ( [11] , §2), we put (2.2)
where σ i (t 1 , . . . , t l ) denotes the i-th elementary symmetric function in the variables t 1 , . . . , t l . Then we have
It is verified easily that (i) s i (i 2) act on {t i } 1≤i≤l as permutations and trivially on t.
(ii) The action of s 2 on {t i } 1≤i≤l , and t is given by
Since we consider the simply connected form of the groups, Borel's characteristic homomorphism restricted in degree 2 is an isomorphism:
Under this isomorphism, we denote the images of t i (1 ≤ i ≤ l) and t by the same symbols. Thus H 2 (E l /T ; Z) is a free Z-module generated by t i (1 ≤ i ≤ l) and t with a relation c 1 = 3t.
Then the integral cohomology rings of E l /T (l = 6, 7) are given as follows. 
Schubert calculus on flag varieties
In the previous section, we recalled the Borel presentation of the integral cohomology rings of E l /T (l = 6, 7) given by generators and relations. In this section, we express those generators in terms of Schubert classes, using the divided difference operators introduced independently by BernsteinGelfand-Gelfand [1] and Demazure [6] .
3.1. We begin with a brief review of the Schubert presentation of the integral cohomology rings of flag varieties ( [3] ). Let G be a simply connected simple algebraic group over the field of complex numbers C. We fix a maximal torus H in G and a Borel subgroup B of G containing H. We denote by ∆ the root system of G relative to H, by Π the system of simple roots, by N G (H) the normalizer of H in G. Then the Weyl group W of G is defined by N G (H)/H. Denote by s α the simple reflection, i.e., the reflection corresponding to the simple root α ∈ Π, and by S = {s α | α ∈ Π} the set of simple reflections. Then the Weyl group W of G is generated by the simple reflections. Denote by l(w) the length of an element w ∈ W with respect to S .
As is well known, G has the Bruhat decomposition, 3.2. Now we have two different ways of describing the integral cohomology ring of K/T G/B, namely, the Borel presentation and the Schubert presentation. In order to find the relations between these two descriptions, we make use of the divided difference operators. For each α ∈ ∆, the operator
is defined as
For w ∈ W, the operator ∆ w is defined as
is any reduced decomposition of w. One can show that the definition is well defined, i.e., independent of the choice of a reduced decomposition of w. Then Borel's characteristic homomorphism (2.1) can be described by the divided difference operators.
Theorem 3.1 (Bernstein-Gelfand-Gelfand [1], Demazure [6] ). For a homogeneous polynomial f ∈ H 2k (BT ; Z), we have
In particular, for α ∈ Π, we have
where ω α denotes the fundamental weight corresponding to the simple root α ∈ Π.
3.3. Now consider the integral cohomology rings of the flag varieties for K = E l (l = 6, 7). We wish to find the relation between the ring generators of H * (E l /T ; Z) (l = 6, 7) given in §2 and the Schubert bases {Z w } w∈W(E l ) (l = 6, 7). For simplicity, we denote the Schubert class corresponding to the element w = s i 1 
First we deal with the case of E 6 . Since c(ω i ) = Z i , it follows immediately from (2.2) that (3.7)
For i = 3, 4, we can put
for some integers a w . We wish to determine the coefficients a w . By Theorem 2.2, we have 
by the definition of ∆ j = ∆ α j . This fact greatly simplifies the practical computation.
Thus we obtain (3.10) 
